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Notions of topological dynamics

Let G be a topological group.

Definition

The group G is extremely amenable if every continuous action of
G on a compact space admits a fixed point.

Definition

The group G is amenable if every continuous action of G on a
compact space admits an invariant Borel probability measure.



Polish groups as automorphism groups

Gao-Kechris Every closed subgroup of S∞ is the
automorphism group of a countable ultrahomogeneous
structure: of a Fräıssé structure.

A Fräıssé class is the class of all finite structures that embed
into a given Fräıssé structure.

Melleray Every Polish group is the automorphism group of a
metric Fräıssé structure, that is, a Polish metric structure that
is approximately ultrahomogeneous.
A metric Fräıssé class (Ben Yaacov) is the class of all finite
metric structures that embed into a given metric Fräıssé
structure.
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metric Fräıssé structure, that is, a Polish metric structure that
is approximately ultrahomogeneous.
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, that is, a Polish metric structure that
is approximately ultrahomogeneous.
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Characterization in the classical setting

Let M a countable Fräıssé structure and let K be the associated
Fräıssé class.

Theorem (Moore, 2011)

Aut(M) is amenable if and only if K has the convex Ramsey
property.



The Ramsey property and extreme amenability

If A and B are two structures in K, denote by Emb(A,B) the
set of all embeddings of A into B.

Think of Emb(A,B) as the set of copies of A in B.

Definition

The class K has the Ramsey property if
for every k ∈ N, for every A and B in K,
there exists C in K such that for every coloring f : Emb(A,C )→ k ,
there exists β ∈ Emb(B,C ) such that
f in constant on β ◦ Emb(A,B).

Theorem (Kechris - Pestov - Todorčević, 2005)

Aut(M) is extremely amenable if and only if K has the Ramsey
property.
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Aut(M) is extremely amenable if and only if K has the Ramsey
property.



The Ramsey property and extreme amenability

If A and B are two structures in K, denote by Emb(A,B) the
set of all embeddings of A into B.

Think of Emb(A,B) as the set of copies of A in B.

Definition

The class K has the Ramsey property if
for every k ∈ N, for every A and B in K,
there exists C in K such that for every coloring f : Emb(A,C )→ k ,
there exists β ∈ Emb(B,C ) such that
f in constant on β ◦ Emb(A,B).

Theorem (Kechris - Pestov - Todorčević, 2005)
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The convex Ramsey property

Idea:

extremely amenable ! monochromatic (fixed) copy,

amenable ! monochromatic convex combination of copies.

Definition

The class K has the convex Ramsey property if
for every ε > 0, for every A and B in K,
there exists C in K such that
for every coloring f : Emb(A,C )→ [0, 1],

there exist coefficients λ1, ..., λn > 0 with
n∑

i=1

λi = 1 and

β1, ..., βn ∈ Emb(B,C ) such that for every α, α′ ∈ Emb(A,B),∣∣∣∣∣
n∑

i=1

λi f (βi ◦ α)−
n∑

i=1

λi f (βi ◦ α′)

∣∣∣∣∣ < ε.
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The Lipschitz assumption: credit and explanation

Melleray-Tsankov, 2011: Aut(M) is extremely amenable if and
only if K has the metric (approximate) Ramsey property.

We only have the approximate ultrahomogeneity. Regularity
of colorings allows us to take care of the epsilons.

Besides, the limit of 1-Lipschitz maps is still 1-Lipschitz so
this assumption also allows us to carry out compactness
arguments. [amenability ⇒ convex Ramsey property]

For the implication [convex Ramsey property ⇒ amenability],
because of these regularity restrictions, Moore’s proof cannot
adapt.

Main tool: Lipschitz functions are dense in uniformly
continuous ones for the topology of uniform convergence.
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Amenability is a Gδ condition

Melleray and Tsankov proved, in 2011, that extreme amenability is
a Gδ condition (in the following sense), and the same is true of
amenability.

Theorem (K., 2013)

Let Γ be a countable group and G be a Polish group.
Then the set

{π ∈ Hom(Γ,G ) : π(Γ) is amenable for the topology induced by G}

is Gδ in Hom(Γ,G ).



Switching quantifiers: ∃∀ ∀∃

Proposition

Let Γ be a discrete group. Then the following are equivalent;

The group Γ is amenable.

There exists a finitely additive measure m on Γ such that for
every subset E ⊆ Γ and for all γ ∈ Γ, one has m(γE ) = m(E ).

Theorem (Moore, 2011)

Let Γ be a discrete group. Then the following are equivalent.

The group Γ is amenable.

For every subset E ⊆ Γ, there exists a finitely additive measure
m on Γ such that for all γ ∈ Γ, one has m(γE ) = m(E ).



Switching quantifiers : ∃∀ ∀∃

A finitely additive measure on a discrete group Γ is a positive linear
form of norm 1 on `∞(Γ).

Theorem (K., 2013)

Let G be a Polish group. Then the following are equivalent.

The group G is amenable.

For every right uniformly continuous bounded function
f : G → [0, 1], there exists a positive linear form Λ of norm 1
on RUCB(G , [0, 1]) such that for all g ∈ G , one has
Λ(g · f ) = Λ(f ).

The same is true for extreme amenability with multiplicative linear
forms.



Switching quantifiers : ∃∀ ∀∃

A finitely additive measure on a discrete group Γ is a positive linear
form of norm 1 on `∞(Γ).

Theorem (K., 2013)

Let G be a Polish group. Then the following are equivalent.

The group G is amenable.

For every right uniformly continuous bounded function
f : G → [0, 1], there exists a positive linear form Λ of norm 1
on RUCB(G , [0, 1]) such that for all g ∈ G , one has
Λ(g · f ) = Λ(f ).

The same is true for extreme amenability with multiplicative linear
forms.



Switching quantifiers : ∃∀ ∀∃

A finitely additive measure on a discrete group Γ is a positive linear
form of norm 1 on `∞(Γ).

Theorem (K., 2013)

Let G be a Polish group. Then the following are equivalent.

The group G is amenable.

For every right uniformly continuous bounded function
f : G → [0, 1], there exists a positive linear form Λ of norm 1
on RUCB(G , [0, 1]) such that for all g ∈ G , one has
Λ(g · f ) = Λ(f ).

The same is true for extreme amenability with multiplicative linear
forms.


	Notions of topological dynamics
	Characterization of amenability by a Ramsey property
	Polish groups as automorphism groups
	Classical setting
	Metric setting

	Nice structural consequences on amenability

